The near-field electromagnetic scattering intensity resonances are redshifted in frequency with respect to their far-field counterparts. We derive simple, approximate, analytical formulas for this shift in the case of a plane wave interacting with a dielectric sphere. Numerical results comparing the approximate formulas to the numerically exact solutions show that the two are in good agreement. We also consider the Rayleigh limit of the formulas to gain more insight into the phenomenon.
INTRODUCTION
With recent technological advances it has become possible to control light at the nanoscale through the use of nanoparticles and nanostructures, e.g., see [1] and references therein. At this scale, quantities of interest are related to the near-field intensity as opposed to the conventional far-field quantities, such as the scattering and absorption cross sections, or far-field intensities. In metallic particles, localized surface plasmon resonances allow for subwavelength confinement of an incident electromagnetic wave and for large enhancement of the field near the surface of the nanoparticle. These properties are particularly important from an applied perspective as they are utilized in many different application arenas such as biosensing [2] , surface-enhanced Raman spectroscopy [3] , and nanometric optical trapping [4] . One especially relevant application is designing and tuning nanoparticle resonances to be used as sources or detectors. If the nanoparticle system is designed using far-field solutions, the resulting device that is used in the near field will not be optimized.
Recently, a redshift of the near-field intensity peaks with respect to the intensity peaks in the far field has attracted attention [5] [6] [7] [8] [9] [10] . In principle, a qualitative understanding and a quantitative prediction of this redshift would allow for an optimization of the near fields based on their far-field counterparts, which are generally easier to measure. On the conceptual front, the redshift of metallic particles has been explained in terms of a damped harmonic oscillator model, where the maximum of the kinetic and dissipation energies occur at the natural frequency of the oscillator, but the maximum of the potential energy occurs at a lower frequency due to a nonzero damping constant [5] [6] [7] . If we associate the far-field cross sections with the kinetic and dissipation energies and the nearfield intensity with the potential energy (∝ amplitude), then we see how the oscillator model qualitatively explains the origin of the redshift in highly absorbent nanoparticles. It has been noted by Chen et al. [5] that the damping may not be the only factor causing the redshift. In fact, Moreno et al. [9] recently demonstrated that evanescent waves contribute to the redshift of metallic particles. This suggests that the redshift also will occur in the light scattered by dielectric nanoparticles because an incident wave may excite the internal resonances of the particle, thereby generating the evanescent waves emanating from the surface of the particle [11] . We use this physical insight to derive relatively simple analytical formulas for the redshift between the far-and the near-field intensity peaks of the light scattered by a dielectric sphere. These formulas not only accurately predict the redshift, but also offer further physical insight into the phenomenon by explicitly showing the dependence of the redshift on the physical parameters of the system. It should be noted that high permittivity dielectric nanoparticles, e.g., silicon spheres, are of current research interest because they can have strong resonances over different spectral regions, which can be desirable for varied applications, e.g., dielectric metamaterials [12] [13] [14] .
Throughout this paper, we use the Gaussian unit system and assume that all fields are harmonic in time with a exp−iωt time factor, where ω is the angular frequency. For simplicity we assume that the scatterer and the host space have the same permeability. Furthermore, for the reader's convenience a partial list of the symbols used in the paper is presented in Table 1 .
REDSHIFT FORMULA
If a monochromatic plane wave of unit amplitude propagating in theẑ-direction and polarized in thex-direction is incident on a sphere of radius ρ, then the scattered partial-wave electric field is given by
where
and η k 1 r, where r is the radial distance and k 1 is the wavenumber in Region 1, θ is the polar angle, and ϕ is the azimuthal angle. In Eq. (1a), the partial scattering amplitudes are given by A n − a n a n − ic n and
and the prime denotes differentiation with respect to the argument. If we define the angularly integrated scattered intensity as
where * denotes the complex conjugate, then by substituting Eq. (1) into Eq. (3), and using the orthogonality properties of M 1n and N 1n , we obtaiñ
and
From here on we choose to work with the normalized intensity I n ω; r instead ofĨ n ω; r because the normalized intensity I n ω; r reduces to a convenient form in the far field; namely,
With this normalization, the far-field intensity does not depend on the radial distance r and thus, the far-field intensity resonances are also independent of r. Of course, we have obtained Eq. (5) from Eq. (4) by simply using the asymptotic form of the spherical Hankel functions. From Eq. (1), we see that the A n (B n ) coefficients are the amplitudes of oscillations of the magnetic (electric) type. Analogously, we say that a far-field resonance is of the magnetic or electric type if A n or B n are maximum. Let us denote these magnetic (electric) resonant frequencies by ω m l (ω e l ) and their near-field counterparts byω m l (ω e l ). Here the subscript l 1; 2; … is simply used to label each resonant frequency and does not imply any particular ordering. To find ω m l , we require the derivative of jA n j 2 with respect to ω to vanish, which yields a n 0; c n 0; or da n dω c n a n dc n dω 0: (6) From the functional form of jA n j 2 given in Eq. (5b), we see that the maximum occurs whenever c n 0. In other words, ω 
ELECTRIC REDSHIFT FORMULAS
where the overdot · denotes differentiation with respect to ω. ∕c, and evaluated the near-field resonanceω e l r on the surface of the sphere r ρ. Furthermore, to demonstrate how the relative error depends on radial distance, we have plotted the relative error as a function of the scaled radial distance for a number of worst-case scenario resonances in Fig. 1 . From these data we see that the relative error is generally very small and tends to decrease with radial distance. This is expected behavior as the redshift should increase near the surface of the particle, where the evanescent wave contribution is greatest (see Fig. 2 ).
To gain further insight into Eq. (8), we consider the Rayleigh limit. Namely, substituting
into Eqs. (2d) and (2e) yields (8)] is shown as a function of the scaled radial distance for several resonances listed in Table 2 . Table 2 .
to rewrite Eq. (4d) as
and then substituting Eqs. (10) and (12) into Eq. (8) finally yields the desired formula:
when fx 1 ; x 2 g ≪ 1 and x 1 ≠ x 2 . The negative sign on the right-hand side of Eq. (13a) confirms that the near-field intensity peaks are indeed redshifted with respect to their far-field counterparts. We also see that Δω e l;n1 is inversely proportional to the fourth power of the refractive index of the sphere if x 2 > x 1 . Furthermore, we note that the higher order redshifts can be derived in an analogous manner; for example, the quadrupole redshift is given by 
MAGNETIC REDSHIFT FORMULAS
Proceeding analogously to Section 3, we obtain
; (14) which is the redshift formula for the magnetic resonances. As in Section 3, we tabulate the relative error associated with Eq. (14) when r ρ and plot the relative error as a function of the scaled radial distance for several resonances; see Table 3 and Fig. 3 , respectively. By comparing Table 2 and Fig. 1 with Table 3 and Fig. 3 , respectively, we see that the relative error is generally smaller for the magnetic case than the electric case. This is expected as the associated redshift is also smaller in the magnetic case; see Figs to Eqs. (13a) and (13b), respectively, we see that, in the Rayleigh limit, the magnetic dipole and quadrupole redshifts are much smaller than their electric counterparts. Of course, if we consider the magnetic intensity instead of the electric intensity, then the situation would be reversed because the role of A n and B n are reversed, as well. Fig. 3 . Relative error associated with the redshift formula [Eq. (14)] is shown as a function of the scaled radial distance for several resonances listed in Table 3 . Table 3 .
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CONCLUSIONS
We have developed approximate formulas for predicting the redshift between the near-field electric intensity peaks and their far-field counterparts. These formulas were derived for a plane wave scattering from a dielectric sphere. Through numerical examples we have demonstrated that these formulas accurately predict the redshift. Furthermore, we considered the Rayleigh limit of the formulas and deduced that the redshifts associated with the magnetic resonances are orders of magnitude smaller than their electric counterparts.
Recently it was demonstrated that the resonances in weakly lossy dielectric particles are only slightly affected by the losses [16] . Although our approach is valid only for ideal dielectric scatterers, we speculate that it may be possible to extend it to weakly absorbing scatterers by expanding the Riccati-Bessel functions in the small absorption parameter, as was done in [17] . The benefit of such an expansion is that we will approximately retain the functional form of the absolute value squared of the partial scattering amplitudes, and, therefore, we will be able to build on the derivation presented in this paper. We will further discuss this possibility in the future. 
